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COSUPPORTS AND MINIMAL PURE-INJECTIVE
RESOLUTIONS OF AFFINE RINGS
TSUTOMU NAKAMURA
Abstract. We prove that any affine ring R over a field k has full cosupport,
i.e., the cosupport of R is equal to SpecR. Using this fact, we give a complete
description of all terms in a minimal pure-injective resolution of R, provided
that |k| = ℵ1 and dimR ≥ 2, or |k| ≥ ℵ1 and dimR = 2. As a corollary, we
obtain a partial answer to a conjecture by Gruson.
1. Introduction
Let R be a commutative noetherian ring. We denote by D(R) the unbounded
derived category of R. Note that the objects of D(R) are complexes of R-modules,
which are cohomologically indexed;
X = (· · · → X i−1 → X i → X i+1 → · · · ).
The (small) support of X ∈ D(R) is defined as
suppRX = {p ∈ SpecR | κ(p)⊗
L
R X 6= 0},
where κ(p) = Rp/pRp. This notion was introduced by Foxby [4]. Let a be an ideal
of R, and write Γa for the a-torsion functor lim−→n≥1
HomR(R/a
n,−) on the category
ModR of R-modules. Then we have suppR RΓaX ⊆ V (a) for any X ∈ D(R), see
[14, Proposition 3.13].
The cosupport of X ∈ D(R) is defined as
cosuppRX = {p ∈ SpecR | RHomR(κ(p), X) 6= 0}.
Benson, Iyengar and Krause [1] introduced this notion in more general triangulated
categories, developing Neeman’s work [11]. We write Λa for the a-adic completion
functor lim
←−n≥1
(R/an ⊗R −) on ModR. Greenlees and May [5] proved that the left
derived functor LΛa : D(R) → D(R) is a right adjoint to RΓa : D(R)→ D(R), see
also [9, §4; p. 69]. It follows from the adjointness property that cosuppR LΛ
aX ⊆
V (a) for any X ∈ D(R).
If M is a finitely generated R-module, then Nakayama’s lemma implies that
suppRM = SuppRM = {p ∈ SpecR |Mp 6= 0}. In particular, suppRR is nothing
but SpecR. However, it is not easy to compute cosuppRR in general.
Since LΛaR ∼= ΛaR, the cosupport of ΛaR is contained in V (a). Hence we have
cosuppRR ⊆ V (cR), where cR denotes the sum of all ideals a such that R is a-
adically complete. In [14, Question 6.13], Sather-Wagstaff and Wicklein questioned
whether the equality cosuppRR = V (cR) holds for any commutative noetherian ring
R or not. Thompson [15, Example 5.6] gave a negative answer to this question. He
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proved that if k is a field and R = k[[X ]][Y ], then cosuppR R is strictly contained in
V (cR). Moreover, it was also shown that the cosupport of this ring is not Zariski
closed.
Following [15], we say that a commutative noetherian ring R has full cosup-
port if cosuppR R is equal to SpecR. Let k be a field and R be the polynomial
ring k[X1, . . . , Xn] in n variables over k. Then, since cR = (0), we expect that
cosuppRR = SpecR. Indeed, this is true.
Theorem 1.1. Let k be a field and n be a non-negative integer. The polynomial
ring k[X1, . . . , Xn] has full cosupport.
This fact was known in the case where n ≤ 1 or k is at most countable, see [15,
Theorem 4.13]. See also [14, Question 6.16], [1, Proposition 4.18] and [7, Proposition
3.2].
We say that R is an affine ring over a field k if R is finitely generated as a k-
algebra. By Theorem 1.1, we can show the following corollary, which is the main
result of this paper.
Corollary 1.2. Any affine ring over a field has full cosupport.
In Section 2, we prove the two results above. Section 3 is devoted to summa-
rize some facts about cosupport and minimal pure-injective resolutions. Section 4
contains applications of the main theorem. Let k be a field with |k| = ℵ1 and R
be an affine ring over k such that dimR ≥ 2. We specify all terms of a minimal
pure-injective resolution of R. As a corollary, it is possible to give a partial answer
to Gruson’s conjecture. Suppose that R is a polynomial ring k[X1, . . . , Xn] over a
field k. The conjecture states that ExtiR(R(0), R) 6= 0 if and only if i = inf{s+1, n},
where s is defined by the equation |k| = ℵs if k is infinite, and s = 0 otherwise. We
prove that this conjecture is true when inf{s+ 1, n} = 2.
Remark 1.3. There is another interesting consequence of Corollary 1.2. Let R be
an affine ring over a field. It then follows from the corollary and Neeman’s theorem
[11, Corollary 2.8] that D(R) coincides with the smallest colocalizing subcategory
containing R (see also [1, §9]). In other words, R is a cogenerator of D(R). Compare
this fact with recent work [13, §5] by Rickard.
Acknowledgements. The author is deeply grateful to Yuji Yoshino for his guid-
ance at Okayama University. The author also thanks Srikanth Iyengar and Peder
Thompson for their many helpful comments.
2. Proof of main result
We start with the following proposition.
Proposition 2.1 (Thompson [15, Theorem 4.6]). Let ϕ : R→ S be a morphism of
commutative noetherian rings. Suppose that ϕ is finite, i.e., S is finitely generated
as an R-module. Let f : SpecS → SpecR be the canonical map defined by f(q) =
ϕ−1(q) for q ∈ SpecS. Then, there is an equality
cosuppS S = f
−1(cosuppRR).
In other words, for q ∈ SpecS, we have q ∈ cosuppS S if and only if f(q) ∈
cosuppRR.
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When R has finite Krull dimension, this fact follows from Lemma 3.2, Proposition
3.4 and (3.5). See also Remark 3.6.
Remark 2.2. Let R be a commutative noetherian ring. We denote by 0R the zero
element of R. The following statements hold by Proposition 2.1.
(i) Let p be a prime ideal of R. Then we have (0R/p) ∈ cosuppR/pR/p if and
only if p ∈ cosuppR R.
(ii) Let S be an integral domain. Suppose that there is a finite morphism ϕ :
R→ S of rings such that ϕ is an injection. Then we have (0S) ∈ cosuppS S if and
only if (0R) ∈ cosuppR R.
We next recall a well-known description of local cohomology via Cˇech com-
plexes. Let R be a commutative noetherian ring and a be an ideal of R. Let
x = {x1, . . . , xn} be a system of generators of a. In D(R), RΓaR is isomorphic to
the (extended) Cˇech complex with respect to x;
0 −→ R −→
⊕
1≤i≤n
Rxi −→
⊕
1≤i<j≤n
Rxixj −→ · · · −→ Rx1···xn −→ 0.
Here, for an element y ∈ R, Ry denotes the localization of R with respect to the
multiplicatively closed set {1, y, y2, . . .}. See [8, Lecture 7; §4] for details.
Remark 2.3. Let k be a field and n be a non-negative integer. SetR = k[X1, . . . , Xn]
and S = k[X1, . . . , Xn+1]. Take y ∈ R. Then S/(1 − yXn+1) is isomorphic to Ry
as a k-algebra.
Let R be a commutative noetherian ring. For p ∈ SpecR, ER(R/p) denotes the
injective envelope of R/p. Moreover, when R is an integral domain, we denote by
Q(R) the quotient field of R.
Proof of Theorem 1.1. Set R = k[X1, . . . , Xn] and take p ∈ SpecR. We have to
prove that p ∈ cosuppRR. By Remark 2.2(i), this is equivalent to showing that
(0R/p) ∈ cosuppR/pR/p. In addition, the Noether normalization theorem yields
a finite morphism ϕ : k[X1, . . . , Xm] → R/p of rings such that ϕ is an injection,
where dimR/p = m. Therefore, by Remark 2.2(ii), it is sufficient to show that
(0R) ∈ cosuppRR for any n ≥ 0.
We assume that (0R) /∈ cosuppRR for some n ≥ 0, and deduce a contradiction.
Let p be a prime ideal of S = k[X1, . . . , Xn+1] with dimS/p = n. The Noether
normalization theorem yields a finite morphism ψ : R → S/p of rings such that
ψ is an injection. Hence we have (0S/p) /∈ cosuppS/p S/p by the assumption and
Remark 2.2(ii). Consequently, for any y ∈ R, it follows from Remark 2.3 that
(0Ry ) /∈ cosuppRy Ry. In other words, we have RHomRy (Q(Ry), Ry) = 0 in D(Ry).
This implies that (0R) /∈ cosuppRRy for any y ∈ R, since RHomRy (Q(Ry), Ry)
∼=
RHomR(Q(R), Ry) in D(R).
Now set m = (X1, . . . , Xn) ⊆ R. Then RΓmR is isomorphic to the Cˇech complex
with respect to x = {X1, . . . , Xn}. Hence we have RHomR(Q(R),RΓmR) = 0 by
the above argument. However, there is an isomorphism RΓmR ∼= ER(R/m)[−n]
in D(R), see [8, Theorem 11.26]. Moreover, the canonical map R → R/m in-
duces a non-trivial map Q(R)→ ER(R/m), since ER(R/m) is injective. Therefore
RHomR(Q(R),RΓmR) must be non-zero in D(R). This is a contradiction. 
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Proof of Corollary 1.2. If a commutative noetherian ring R has full cosupport,
Proposition 2.1 implies that R/a has full cosupport for any ideal a of R. Therefore,
this corollary follows from Theorem 1.1. 
Remark 2.4. Let k be a field and R be an affine ring over k. Let y ∈ R. We see
from Corollary 1.2 and Remark 2.3 that Ry has full cosupport.
Question 2.5. Let k be a field and n be a non-negative integer. Set R =
k[X1, . . . , Xn], and let U be a multiplicatively closed subset of R. Does the ring
U−1R have full cosupport?
A commutative ring R is said to be essentially of finite type over a field k when
R is a localization of an affine ring over k. If the question above is true, then any
ring essentially of finite type over k has full cosupport, by Corollary 1.2.
Remark 2.6. Let R be a commutative noetherian ring with finite Krull dimension
andX ∈ D(R) be a complex with finitely generated cohomology modules. As shown
in [15, Corollary 4.4], there is an equality cosuppRX = suppRX ∩ cosuppRR, see
also [14, Theorem 6.6]. Hence, if R has full cosupport, then we have cosuppRX =
suppRX , so that the cosupport of any finitely generated R-module M is Zariski-
closed, since suppRM = SuppRM .
In [15, Example 5.7], Thompson proved that the cosupport of k[[X ]][Y1, . . . , Yn]
is not Zariski-closed for n ≥ 1, where k is any field. Hence the following question
naturally arises.
Question 2.7. Let R be any commutative noetherian ring. Is the cosupport of R
specialization-closed?
3. Cosupport and Minimal pure-injective resolutions
In this section, we summarize some known facts about cosupport and minimal
pure-injective resolutions. They will be used in Section 4.
Let R be a commutative noetherian ring. For an R-module M and an ideal a of
R, we denote by M∧a the a-adic completion Λ
aM = lim
←−n≥1
M/anM . In addition,
for the localization Mp at a prime ideal p, we also write M̂p = Λ
pMp.
We recall two formulas for an R-module of the form
∏
p∈SpecR Tp, where Tp is
the p-adic completion of a free Rp-module for p ∈ SpecR. Take q ∈ SpecR, and
write U(q) = {p ∈ SpecR | p ⊆ q}. It then holds that
HomR(Rq,
∏
p∈SpecR
Tp) ∼=
∏
p∈U(q)
Tp, Λ
q(
∏
p∈SpecR
Tp) ∼=
∏
p∈V (q)
Tp,
see [16, Lemma 2.2].
Let P = (0 → PE0(M) → PE1(M) → · · · ) be a minimal pure-injective
resolution of an R-module M ; it is constructed by pure-injective envelopes, see
[3, §6.7]. As every term of P is cotorsion (see [3, Definition 5.3.22]), we have
RHomR(F,M) ∼= HomR(F, P ) in D(R) for a flat R-module F . Further, ifM is flat,
then each PEi(M) is isomorphic to the direct product of the p-adic completion of
a free Rp-module for p ∈ SpecR, see [3, §8.5].
Notation 3.1. Let F be a flat R-module. As mentioned above, we may write
PEi(F ) =
∏
p∈SpecR T
i
p for i ≥ 0, where T
i
p = (
⊕
Bi
p
Rp)
∧
p for some cardinal B
i
p.
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Lemma 3.2. Suppose that dimR is finite. Let F be a flat R-module. Using
Notation 3.1, we write PEi(F ) =
∏
p∈SpecR T
i
p. Then p ∈ cosuppR F if and only
if T ip 6= 0 for some i.
For the reader’s convenience, we justify the above lemma in the next remark.
Remark 3.3. Let F and PEi(F ) be as in Lemma 3.2.
(i) By [3, Corollary 8.5.10], we have PEi(F ) =
∏
p∈W≥i
T ip for i ≥ 0, where
W≥i = {p ∈ SpecR | dimR/p ≥ i}.
(ii) Let P be a minimal pure-injective resolution of F , where P i = PEi(F ).
It then follows from (i) that P i = 0 for i > n = dimR. Moreover, recall that
LΛpX ∼= ΛpX and κ(p)⊗LRX
∼= κ(p) ⊗R X if X is a complex of flat R-modules
with X i = 0 for i≫ 0. Then we see that
LΛpRHomR(Rp, F ) ∼= Λ
pHomR(Rp, P )
∼= (0→ T 0p → · · · → T
n
p → 0),
κ(p)⊗LRRHomR(Rp, F )
∼= κ(p)⊗R HomR(Rp, P )
∼= (0→
⊕
B0
p
κ(p)→ · · · →
⊕
Bn
p
κ(p)→ 0),
where T ip = (
⊕
Bi
p
Rp)
∧
p . Note that all differentials in κ(p) ⊗R HomR(Rp, P ) are
zero, see [3, Proposition 8.5.26]. Hence Lemma 3.2 follows from the following bi-
implications for X ∈ D(R);
p ∈ cosuppRX ⇔ LΛ
pRHomR(Rp, X) 6= 0⇔ κ(p)⊗
L
RRHomR(Rp, X) 6= 0,
see [14, Proposition 4.4].
(iii) The cardinality Bip defining the R-module T
i
p = (
⊕
Bi
p
Rp)
∧
p is nothing but
dimκ(p)H
i
(
κ(p)⊗LRRHomR(Rp, F )
)
.
Proposition 3.4. Suppose that ϕ : R → S is a finite morphism of commutative
noetherian rings. Let P be a minimal pure-injective resolution of a flat R-module
F . Then S ⊗R P is a minimal pure-injective resolution of S ⊗R F in ModS.
See [3, Theorem 8.5.1] for the proof.
Let ϕ : R→ S be as in Proposition 3.4 and f : SpecS → SpecR be a canonical
map induced by ϕ. For later use, we recall an isomorphism in [15, Theorem 4.6],
which is useful to know components of S ⊗R P in the proposition. Let Bp be some
cardinality for each p ∈ SpecR. Then it holds that
S ⊗R
( ∏
p∈SpecR
(⊕
Bp
Rp
)∧
p
)
∼=
∏
q∈SpecS
(⊕
Bq
Sq
)∧
q
(3.5)
where Bq = Bp if f(q) = p.
Remark 3.6. Thompson [15, Theorem 2.7] formulated Lemma 3.2 in a more gen-
eral setting. However there is an error in his theorem, and it is used to show [15,
Theorem 4.6] (Proposition 2.1). What we have to emphasize here is that the error
does not influence this paper at all. In fact, when R has finite Krull dimension, the
reader can see from this section the validity of Proposition 2.1, as mentioned just
after it.
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In recent work [10, §5], we have corrected and improved [15, Theorem 2.7]. It has
been also ensured that [15, Theorem 4.6] is actually true for arbitrary commutative
noetherian rings.
4. Applications
In this section, we give a complete description of all terms in a minimal pure-
injective resolution of an affine ring R over a field k, where |k| = ℵ1 and dimR ≥ 2,
or |k| ≥ ℵ1 and dimR = 2. Consequently we obtain a partial answer to the following
conjecture by Gruson, which is stated in a paper [17] of Thorup.
Conjecture 4.1. Let k be a field. We define s by the equation |k| = ℵs of
cardinals if k is infinite, and s = 0 otherwise. Let n be a non-negative integer, and
set R = k[X1, . . . , Xn]. Then Ext
i
R(Q(R), R) 6= 0 if and only if i = inf{s+ 1, n}.
If k is at most countable or n ≤ 1, i.e., inf{s + 1, n} ≤ 1, then this conjecture
is true, see [17, §1; 1]. In this section, we shall prove the following theorem, which
implies that the conjecture is true in the case that inf{s+ 1, n} = 2.
Theorem 4.2. Let k be an uncountable field and R be an affine ring over k with
dimR ≥ 2. Assume that |k| = ℵ1 or dimR = 2. Let p be a prime ideal of R with
dimR/p ≥ 2. Then ExtiR(Rp, R) 6= 0 if and only if i = 2.
This theorem essentially follows from the main result (Corollary 1.2) and the
following result of Thorup.
Proposition 4.3 ([17, Theorem 13]). Let k be an uncountable field and n be an
integer with n ≥ 2. Set R = k[X1, . . . , Xn]. Then Ext
1
R(Q(R), R) = 0.
We start with extending this to the next corollary.
Corollary 4.4. Let k be an uncountable field. Suppose that S is an affine domain
over k with dimS ≥ 2. Then Ext1S(Q(S), S) = 0.
Proof. Set n = dimS and R = k[X1, . . . , Xn]. The Noether normalization the-
orem yields a finite injection ϕ : R → S. Write f : SpecS → SpecR for
the canonical map induced by ϕ. Let P be a minimal pure-injective resolution
of R. Using Remark 3.3(i) and (iii), we write P 1 =
∏
p∈W≥1
T 1p , where T
1
p =
(
⊕
B1
p
Rp)
∧
p and B
1
p = dimκ(p)H
1
(
κ(p)⊗LRRHomR(Rp, R)
)
. By Proposition 4.3,
we have Ext1R(Q(R), R) = 0, so that B
1
(0R)
= 0. In other words, it holds that
P 1 =
∏
p∈W≥1
T 1p =
∏
p∈W≥1\{(0R)}
T 1p .
Recall that S ⊗R P is a minimal pure-injective resolution of S in ModS by Propo-
sition 3.4. Moreover, since f(0S) = (0R), we see from (3.5) that HomS(Q(S), S⊗R
P 1) = 0. Hence it holds that
Ext1S(Q(S), S)
∼= H1
(
HomS(Q(S), S ⊗R P )
)
= 0.

Using this corollary, we can show the next result.
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Corollary 4.5. Let k be an uncountable field and R be an affine ring over k. If
p ∈ SpecR with dimR/p ≥ 2, then we have
H1
(
κ(p)⊗LRRHomR(Rp, R)
)
= 0.
Proof. Notice that κ(p)⊗LRRHomR(Rp, R)
∼= R/p⊗LRRHomR(Rp, R). Let P be a
minimal pure-injective resolution of R. By Remark 3.3(ii), R/p ⊗R HomR(Rp, P )
is a complex of modules over κ(p) = Q(R/p). Moreover it is seen from (3.5) that
we can also get this complex by applying HomR/p(Q(R/p),−) to R/p⊗R P ;
R/p⊗R HomR(Rp, P ) ∼= HomR/p(Q(R/p), R/p⊗R P ).
Since R/p⊗RP is a minimal pure-injective resolution of R/p in ModR/p by Propo-
sition 3.4, it follows that
Hi
(
R/p⊗LRRHomR(Rp, R)
)
∼= ExtiR/p(Q(R/p), R/p).
The right-hand side vanishes if i = 1, by Corollary 4.4. 
LetR be a commutative noetherian ring. Using Remark 3.3(i), we write PEi(R) =∏
p∈W≥i
T ip. We set Wi = {p ∈ SpecR | dimR/p = i}. It is known that
PE0(R) =
∏
m∈W0
R̂m,
see [3, Proposition 6.7.3]. In general, it is not easy to know non-trivial components
of PEi(R) for i > 0. However, in the case of affine rings, we can obtain the following
result by Corollary 1.2 and Lemma 3.2.
Corollary 4.6. Let R be an affine ring over a field. Then, for any p ∈ SpecR,
there exists an integer i ≥ 0 such that the component T ip of PE
i(R) is non-trivial.
Let k and s be as in Conjecture 4.1. Assume that R is an affine ring over k with
n = dimR. By [6, II; Corollary 3.3.2], the projective dimension of any flatR-module
is at most s + 1. Thus, we see from Remark 3.3 that the pure-injective dimension
of R is at most inf{s+ 1, n}, that is, PEi(R) = 0 for i > inf{s+ 1, n}. See also [6,
II; Corollary 3.2.7] and [3, Theorem 8.4.12]. In particular, when inf{s+ 1, n} = 0,
i.e., R is a 0-dimensional affine ring, then R is pure-injective.
Now we suppose that inf{s+ 1, n} = 1. This means that k is at most countable
and n ≥ 1, or k is any field and n = 1. Then the minimal pure-injective resolution
of R is of the form
0→
∏
m∈W0
R̂m →
∏
p∈W≥1
T 1p → 0.
In this case, it follows from Corollary 4.6 that T 1p 6= 0 for any p ∈ W≥1, see also
[15, Theorem 4.13].
Next we consider the case that inf{s + 1, n} ≥ 2. Combining Remark 3.3(iii),
Corollary 4.5 and Corollary 4.6, we can obtain the proposition below.
Proposition 4.7. Let k be an uncountable field and R be an affine ring over k
with dimR ≥ 2. Using Remark 3.3(i), we write PE1(R) =
∏
p∈W≥1
T 1p . Then it
holds that
PE1(R) =
∏
p∈W1
T 1p ,
where T 1p 6= 0 for all p ∈ W1.
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This proposition extends Enochs’s result [2, Theorem 3.5], in which he proved
this fact for polynomial rings over the fields of real numbers and complex numbers.
Finally we focus on the case that inf{s + 1, n} = 2. By Corollary 4.6 and
Proposition 4.7, we have the following result.
Theorem 4.8. Let k be an uncountable field and R be an affine ring over k with
dimR ≥ 2. Assume that |k| = ℵ1 or dimR = 2. Using Remark 3.3(i), we write
PEi(R) =
∏
p∈W≥i
T ip. Then, the minimal pure-injective resolution of R is of the
form
0→
∏
m∈W0
R̂m →
∏
p∈W1
T 1p →
∏
p∈W≥2
T 2p → 0,
where T 1p 6= 0 for all p ∈ W1, and T
2
p 6= 0 for all p ∈W≥2.
Proof of Theorem 4.2. Since dimR/p ≥ 2, we see that U(p)∩W0 = ∅, U(p)∩W1 =
∅ and U(p) ∩ W≥2 = U(p). Therefore, setting P as the minimal pure-injective
resolution in Theorem 4.8, we obtain the following isomorphisms in D(R);
RHomR(Rp, R) ∼= HomR(Rp, P ) ∼=
∏
q∈U(p)
T 2q [−2].
Hence Ext0R(Rp, R) = Ext
1
R(Rp, R) = 0 and Ext
2
R(Rp, R)
∼=
∏
q∈U(p) T
2
q 6= 0. 
Suppose that R is a polynomial ring over the field of real numbers or complex
numbers. Then, under the continuum hypothesis, we can apply Theorem 4.2 to
R. In fact, we need the continuum hypothesis to ensure that the pure-injective
dimension of a flat R-module is at most 2, see [12, §8; p.228] and [3, Theorem
8.4.12].
There is a local version of Conjecture 4.1; it claims that if m is a maximal ideal
of R = k[X1, . . . , Xn], then Ext
i
Rm(Q(R), Rm) 6= 0 if and only if i = inf{s + 1, n}
([17, §1; 1]). When inf{s+ 1, n} ≤ 1, this is true. In [7, Proposition 3.2], Gruson
verified that the equivalence holds if s ≥ 1, n = 2 and m = (X1, X2).
Under the assumption that inf{s + 1, n} ≥ 2, Thorup [17, Theorem 13] also
showed that Ext1Rm(Q(R), Rm) = 0, where m is any maximal ideal of R. Therefore,
provided that inf{s+1, n} = 2, it is enough to solve Question 2.5 in order to prove
the local version.
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